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Zero temperature phase transitions not only occur in the bulk of quantum 
systems, but also at boundaries or impurities. We review recent work on 
quantum phase transitions in impurity models that are generalizations 
of the standard Kondo model describing the interaction of a localized 
magnetic moment with a metallic fermionic host. Whereas in the standard 
case the moment is screened for any antiferromagnetic Kondo coupling as 
T — > 0, the common feature of all systems considered here is that Kondo 
screening is suppressed due to the competition with other processes. This 
competition can generate unstable fixed points associated with phase 
transitions, where the impurity properties undergo qualitative changes. 
In particular, we discuss the coupling to both non-trivial fermionic and 
bosonic baths as well as two-impurity models, and make connections to 
recent experiments. 



1 Introduction 

Quantum mechanical systems can undergo zero-temperature phase transitions upon 
variation of a non-thermal control parameter 0, where order is destroyed solely by 
quantum fluctuations. Quantum phase transitions occur as a result of competing 
ground state phases, and can be classified into first-order and continuous transi- 
tions. The transition point of a continuous quantum phase transition, the so-called 
quantum-critical point, is typically characterized by a critical continuum of excita- 
tions, and can lead to unconventional behavior - such as non-trivial power laws or 
non- Fermi liquid physics - over a wide range of the phase diagram (see Fig. la). 

An interesting class of quantum phase transitions are so-called boundary transitions 
where only the degrees of freedom of a subsystem become critical. In this paper we 
consider impurity transitions - the impurity can be understood as a zero- dimensional 
boundary - where the impurity contribution to the free energy becomes singular at 
the quantum critical point. Such impurity quantum phase transitions require the 
thermodynamic limit in the bath system, but are completely independent of possible 
bulk phase transitions in the bath. 

Our model systems are built from magnetic moments which show the Kondo effect 
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[2]. Originally, this effect describes the behavior of localized magnetic impurities 
in metals. The relevant microscopic models are the Kondo model and the single- 
impurity Anderson model. In the standard case (i.e. a single magnetic impurity with 
spin | coupling to a single conduction band with a finite density of states (DOS) 
near the Fermi level) screening of the magnetic moment occurs below a temperature 
scale Tk- The screening is associated with the flow to strong coupling of the effective 
interaction between impurity and host fermions. The Kondo temperature Tk depends 
exponentially on the system parameters. 

In this paper we want to give a brief summary of impurity models where the flow to 
strong coupling is prevented by the competition with other processes, and, depending 
on the system parameters, weak and/or intermediate-coupling fixed points can be 
reached. We are particularly interested in intermediate-coupling fixed points, which 
typically show a finite ground-state entropy and are unstable, which means that to 
reach them requires either fine tuning of the couplings (typically associated with an 
impurity phase transition) or the presence of special symmetries (e.g., channel sym- 
metry in multi-channel models). In the following sections we discuss single-impurity 
models with a coupling to a non-trivial fermionic bath (Sec. 2), to multiple fermionic 
baths (Sec. 3), to both fermionic and bosonic baths (Sec. 4), and finally systems 
of coupled magnetic impurities (Sec. 5). In quoting results, we refer to perturbative 
renormalization group (RG) treatments, to numerical RG (NRG) calculations, and 
to exact results if available. We restrict ourselves to models with spin-| impurities. 



2 Pseudogap Kondo and Anderson models 

A straightforward possibility to suppress Kondo screening is to reduce the electron 
bath DOS at the Fermi level to zero - in a superconductor this can also be interpreted 
as competition between Kondo effect and superconducting pairing. Two cases have 
to be distinguished: so-called hard-gap and pseudogap (soft-gap) systems. 

In the hard-gap case, the DOS p(e) is zero in a finite energy interval around the 
Fermi level. Then, the absence of low-energy states prevents screening for gap values 
exceeding the energy gain due to Kondo screening. The resulting transition between a 
local-moment (LM) phase without Kondo screening, realized at small Kondo coupling 
J, and a screened strong-coupling (SC) phase, reached for large J, is of first order, and 
it occurs only in the presence of particle-hole (p-h) asymmetry. In the p-h symmetric 
case, the local-moment state persists for arbitrary values of the coupling 

The pseudogap case, first considered by Withoff and Fradkin corresponds to a 
bath with p{e) oc \e\ r (r > 0), i.e., the DOS is zero only at the Fermi level. The 
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Figure 1: (a) Schematic phase diagram near a quantum phase transition between fixed 
points A and B upon variation of a control parameter x; the T = critical point controls 
the dynamics in the T > quantum critical region whose crossover boundaries are given by 
T ~ \x — x c \ uz where v and z are the correlation length and dynamical critical exponents, 
respectively, (b) T = phase diagram for the pseudogap Anderson model in the p-h 
symmetric case (solid line, U = 10~ 3 , £/ = —0.5 • 10~ 3 , conduction band cutoff at -1 and 1) 
and the p-h asymmetric case (dashed line, e f = -0.4- 10~ 3 ); A measures the hybridization 
strength, A(e) = irV 2 p(e) = A|e| r . 



corresponding Kondo and single-impurity Anderson models interpolate between the 
metallic case (r = 0) and the hard-gap case (r — > oo). The pseudogap case < r < oo 
leads to a very rich behaviour, in particular to a continuous transition between a 
local-moment and a strong-coupling phase. Figure lb shows a typical phase diagram 
for the pseudogap Anderson model. In the p-h symmetric case (solid) the critical 
coupling A, measuring the hybridization between band electrons and local moment, 
diverges at r = |, and no screening occurs for r > \ [SlIE]- No divergence occurs for 
p-h asymmetry (dashed) [3]. 

We now briefly describe the properties of the fixed points in the pseudogap Kondo 
problem j^]. Due to the power-law conduction band DOS, already the stable LM and 
SC fixed points show non-trivial behavior jHllE]- The LM phase has the properties 
of a free spin \ with residual entropy Si mp = fcg In 2 and low-temperature impurity 
susceptibility Xim P = 1/(4^b^), but the leading corrections show r-dependent power 
laws. The p-h symmetric SC fixed point has very unusual properties, namely S imp = 
2r/c B ln2, Ximp = f/i^ksT) for < r < |. In contrast, the p-h asymmetric SC 
fixed point simply displays a completely screened moment, S^mp = Tx imp = 0. The 
impurity spectral function follows a u r power law at both the LM and the asymmetric 
SC fixed point, whereas it diverges as u~ r at the symmetric SC fixed point - this 
"peak" can be viewed as a generalization of the Kondo resonance in the standard 
case (r = 0), and scaling of this peak is observed upon approaching the SC-LM 
phase boundary [Sid- ^ the critical point non-trivial behavior corresponding to a 
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Figure 2: Flow diagrams for the low-energy many-body excitations obtained from the nu- 
merical renormalization group for the three different fixed points of the soft-gap Anderson 
model. N is the number of iterations of the NRG procedure, A the NRG discretization 
parameter. 

fractional moment can be observed: Si mp = ksCsir), Xim P = C x (r) / '(ksT) with Cs, 
C x being universal functions of r jHllHj- The spectral function displays a uo~ r power 
law (for r < 1) with a remarkable "pinning" of the critical exponent. 

We note that the critical point at small r is perturbatively accessible in a double 
expansion in r and J. However, the NRG results suggest that the physics is different 
for r > |; in particular, r = 1 appears to play the role of an upper critical "dimension" 
. The universal critical theory of the transitions in the pseudogap Kondo model 
is not yet known. A piece of information, provided by the numerical renormalization 
group method, is shown in Fig. |21 Here we plot the energies of the many-body states 
as a function of the iteration number A" of the NRG procedure. Increasing values of 
A" correspond to decreasing temperature, A^ oc — InT, so we can easily recognize the 
three different fixed points for A < A c (Fig.EK), A = A c (Fig.Eb), and A > A c (Fig. 
Efc). The structure of the LM and SC fixed points can be easily understood as that 
of a free conduction electron chain [TOllllj . The combination of the single-particle 
states of the free chain leads to the degeneracies seen in the many-particle states 
of the LM and SC fixed points (Fig. and Fig. Efc). In contrast, the structure of 
the quantum critical point is unclear. Degeneracies due to the combination of single- 
particle levels are missing, probably because the quantum critical point is not build 
up of non-interacting single-particle states. 

The pseudogap Kondo model has been proposed jH] to describe impurity moments 
in <i-wave superconductors (r = 1), where signatures of Kondo physics have been 
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found in NMR experiments Furthermore, a large peak seen in STM tunneling 
near Zn impurities ^3] can be related to the impurity spectrum in the asymmetric 
pseudogap Kondo model. 

3 Mult i- channel Kondo model 

Kondo screening is strongly modified if two or more fermionic screening channels 
compete. Nozieres and Blandin ^3] proposed a two-channel generalization of the 
Kondo model, which shows overscreening associated with an intermediate-coupling 
fixed point and non-Fermi liquid behaviour in various thermodynamic and transport 
properties. In general, such behavior occurs for any number of channels K > 1 
coupled to a spin |, and does not require fine-tuning of the Kondo coupling, however, 
it is unstable w.r.t. a channel asymmetry jT3] . 

The anomalous static properties at the two-channel non-Fermi liquid fixed point 
are ^Bj a residual entropy Si mp = ^Tn2 (indicating that 'half -fermionic excitations 
play a crucial role for the structure of the fixed point), a logarithmic divergence of 
the susceptibility Xim P oc InT and of the specific heat ratio 7 = C imp /T oc InT, and 
an anomalous Wilson ratio R — x/l — 8/3, in contrast to the result for the standard 
Kondo model R = 8/4 = 2. 

Analogous to the discussion in the previous section the many-particle excitation 
spectrum of this intermediate-coupling fixed point cannot be decomposed in terms 
of usual free fermions |T7JEI|, however, a description in terms of non-interacting 
Majorana fermions is possible [HI]- Many of the low-energy properties of the two- 
channel and related models have been studied using conformal field theory techniques 
|2T)|I21| . Interestingly, the multi-channel Kondo fixed point is perturbatively accessible 
in the limit of large channel number (K ^> 1) [THl21| . Experimental realizations have 
been discussed in the context of rare-earth compounds [IB]; furthermore, proposals 
based on quantum-dot devices have been put forward. 

4 Bose-Fermi Kondo model 

Novel phenomena occur for magnetic impurities coupled to both a fermionic and a 
bosonic bath, where the bosons represent collective host spin fluctuations. In the 
resulting Bose-Fermi Kondo model, the two interactions compete in a non-trivial 
manner [22JE31 - Particularly interesting is the case of a bosonic bath with zero or 
small gap, corresponding to the vicinity to a magnetic quantum critical point in the 
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host. In (3 — e) dimensions, the bosonic spectral density then follows a power law 
oc u 1 ~ e . For e > 0, the interaction between the impurity and the bosonic bath can 
completely suppress fermionic Kondo screening. The resulting phase corresponds to 
an intermediate-coupling fixed point w.r.t. the impurity-boson interaction. Here, the 
impurity moment shows universal fluctuations, with local spin correlations charac- 
terized by a power law, (S(t)S) oc r~ e , and a Curie contribution to the impurity 
susceptibility equivalent to a fractional spin, x imp = C x (e)/(k B T) [22112211211 . On the 
other hand, large fermionic Kondo coupling leads to a strong-coupling phase with 
conventional Kondo screening. 

The resulting phase diagram for the Bose-Fermi Kondo model thus shows a Kondo- 
screened phase, a bosonic fluctuating phase, and a continuous quantum phase tran- 
sition in between. The boundary quantum critical point has magnetic properties 
similar to the bosonic fluctuating fixed point [2Hj. Both intermediate-coupling fixed 
points are perturbatively accessible for small e; it is likely that the structure of the 
phase diagram also applies to e = 1, however, no accurate numerical calculations 
are available to date. Both the critical and the bosonic fluctuating fixed points are 
unstable w.r.t. breaking of SU(2) symmetry, but the structure of the phase diagram 
is similar for both XY and Ising symmetries [23] . 

The Bose-Fermi Kondo model has recently received a lot of interest in the context 
of the extended dynamical mean-field theory |2Sj where a lattice model is mapped 
onto a self-consistent impurity model with both fermionic and bosonic baths. In 
particular, based on neutron scattering experiments on the heavy-fermion compound 
CeCu5_ x Au x j2Hj, a self-consistent version of the Bose-Fermi Kondo model has been 
proposed to describe a "local" critical point in Kondo lattice models. 

We further note that the Bose Kondo model with Ising symmetry and an additional 
external field is related to the spin-boson model |2Z1 , which also shows phase transi- 
tions upon variation of the coupling between spin and dissipative bath. Spin-boson 
models have been studied extensively in the context of dissipative two-level systems, 
and have applications in many fields like glass physics, quantum computation etc. 

5 Two-impurity Kondo models 

Models of two impurities offer a new ingredient, namely the exchange interaction, 
/, between the two impurity spins which competes with Kondo screening of the 
individual impurities. This inter-impurity interaction, which can lead to a magnetic 
ordering transition in lattice models, arises both from direct exchange and from the 
Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction mediated by the conduction 
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electrons. 



In the simplest model of two S — \ impurities, a ground state singlet (S tot = 0) 
can be realized either by individual Kondo screening (if I < Tr) or by formation of 
an inter-impurity singlet (if / > Tk)- It has been shown that these two parameter 
regimes are continuously connected (without a T = phase transition) as / is varied 
in the generic situation without particle-hole symmetry. Notably, in the particle-hole 
symmetric case one finds a transition associated with an unstable non-Fermi liquid 
fixed point [2312^11301- 

Quantum phase transitions generically occur in impurity models showing phases with 
different ground state spin. For two impurities, this can be realized by coupling to 
a single conduction band channel only [3T]. In this Kosterlitz-Thouless-type 
transition between a singlet and a doublet state occurs, associated with a second 
exponentially small energy scale in the Kondo regime The physics becomes 
even richer if multi-channel physics is combined with multi-impurity physics - here, 
a variety of fixed points including such with local non-Fermi liquid behavior can be 
realized. 

Experimentally, quantum dots provide an ideal laboratory to study systems of two 
(or more) "impurities" - note that the local "impurity" states can arise either from 
charge or from spin degrees of freedom on each quantum dot. In particular, a number 
of experiments have been performed on coupled quantum dot systems which can be 
directly mapped onto models of two Kondo or Anderson impurities |22] • in addition, 
experimental realizations of two-impurity models using magnetic adatoms on metallic 
surfaces appear possible. 



6 Summary 

We have reviewed a variety of interesting zero-temperature critical points, which exist 
in impurity models where conventional Kondo screening is suppressed by competing 
physics. Significant progress has been made in recent years, both in analytical and 
numerical work; however, in a number of cases our understanding concerning, e.g., the 
nature of the quantum critical points is rather limited. Clearly, a further development 
of theoretical techniques, both perturbative and non-perturbative, is essential. 

It is a pleasure to acknowledge fruitful discussions and collaborations with A. Hew- 
son, W. Hofstetter, D. Logan, Th. Pruschke, and S. Sachdev, as well as financial 
support by the DFG through SFB 484. 
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